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Simple Regression (Appendix) 
Recall that  
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Each tw  is a constant, since Xs are fixed.  Substituting into the equation (A.1), we have  

∑ == T
t ttYwb 12        (A.3) 

which expresses the estimated parameter as a weighted sum of the observations on the 

dependent variables.  It is obvious that ∑ = =T
t tw1 0 .  According to the definition of tw ,  
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The Gauss-Markov Theorem (The OLS estimators are BLUEs) 

Proof:  We only prove the slope term b2.  It is also true for the intercept term b1.  

Consider a general linear combination of the Ys that takes the form ∑ == T
t ttYd12

~β , where 

dt is nonrandom.  The best linear unbiased estimator (BLUE) has the two properties:  (1) 

2
~β  is unbiased and (2) )~( 2βVar  is the smallest within the class of linear and unbiased 

estimators.  Define at = dt − wt.  We have 
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The third term is zero since 
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Given a value of the explanatory variable, XT+1, we would like to predict a value of the 
dependent variable, YT+1.   The least squares predictor is: 

1211
ˆ

++ += TT XbbY . 

The corresponding prediction error is defined as: 

11221111 )()(ˆ
++++ +−+−=−= TTTT eXbbYYf ββ . 

The least squares estimator of mean response, µ T+1, when X = XT+1 is 

1211ˆ ++ += TT Xbbµ  
Its estimation error is given by 

1221111 )()()(ˆ +++ −+−=− TTT XbbYE ββµ . 

Result 10:  ( ) 0=fE  and ( ) ( )
( ) ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

∑ −

−
++=

=

+
T
t t

T

XX
XX

T
fVar

1
2

2
12 11σ . 

Proof:  [ ] [ ] 0)()()()ˆ()( 11221111 =+−+−=−= ++++ TTTT eEXbEbEYYEfE ββ . 

( ) [ ]2
112211

2 )()()( ++ +−+−== TT eXbbEfEfVar ββ         



 A-6

  [ ] [ ] [ ] ( )( )[ ] 12211
2

1
2

1
2

22
2

11 2)()( +++ −−++−+−= TTT XbbEeEXbEbE ββββ    

Notice that all the cross-product terms involving estimated parameters and eT+1 become zero 
when expected values are taken, since )( 11 β−b  and )( 22 β−b  are linear combinations of 
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Proof:  It is the same as the Result 10 except the random error term eT+1.  ■ 
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That is, SST = SSR + SSE. 
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The Matrix Form of Simple Linear Regression Models 
 Consider the simple regression model with N observations 

Nnεxββy nnn ,,2,1,21 K=++=      (B1) 
This can be written as 
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or  
Y = Xβ + ε        (B3) 
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 Assumptions of the linear Regression model: 
(1) Y = Xβ + ε 
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(4) X is an N × 2 matrix with det (X′ X) ≠ 0. 

(5) (Optional) ε ~ N(0, 2σ IN). 
 Under the assumptions discussed before, the best (minimum variance) linear unbiased 
estimator (BLUE) of β is obtained by minimizing the error sum of squares 

S(β) = ε′ε = (Y − Xβ)′( Y − Xβ)     (B4) 

This is known as the Gauss-Markov theorem. 
 Using the formulas for vector differentiation, we have 
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β
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β XXYXS ′+′−=

∂
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Setting the equation (B6) to be zero gives the normal equation 

(X′ X) β̂  = X′ Y.        (B6) 

Since the square matrix (X′ X) is non-singular, the OLS estimator β̂  is 

β̂  = (X′X)−1X′Y        (B7) 

Substituting equation (B3) into equation (B7), we get 

β̂  = (X′X)−1X′Y = (X′X)−1X′( Xβ + ε) = β + (X′X)−1X′ε 

Since E(ε) = 0, we have ( ) ββ =ˆE .  Thus β̂  is an unbiased estimator.  Also, 
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The β̂  is unbiased and has a covariance matrix ( ) 12 −′XXσ . 

 According to equation (B7), the vectors of fitted values Ŷ  and the least squares 
residuals ε̂  are 

Ŷ  = X β̂  = X(X′X)−1X′Y = PXY      (B8) 

ε̂  = Y − Ŷ = Y − PXY = (I − PX)Y = MXY    (B9) 

where PX = X(X′X)−1X′ and MX = (IN − PX).  Note that it can be shown that PX PX = PX and 
MX MX = MX (PX and MX are called idempotent matrices). 
 The total variation of the dependent variable is the sum of squared deviations from its 
mean (SST): 
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i i yy  = Y′ Y − 2yn . 

 It can be shown that total sum of squares = regression sum of squares + error sum of 
squares (SST = SSR + SSE), where 
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The unbiased estimator of 2σ is  
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results derived in earlier classes: 
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 A-10

The Matrix Form of Multiple Linear Regression Models 

 Suppose that we have the following N observations: 

NNKKKNN

KK

KK

xxxy

xxxy
xxxy

εββββ

εββββ
εββββ

+++++=

+++++=
+++++=

L

MMLMMMM

L

L

33221

2223322212

1113312211

 

The matrix form is  

Y = Xβ + ε 
where 
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 The assumptions of the multiple linear Regression model are the same as the simple 
linear regression model except X being an N × K matrix.  Other matrix algebras are exactly 
the same as the simple linear regression model 
 

 


